
∗ † ∗ †

∗

†

∗

†

K
N

xk(t) ∈ C t = 0, 1, . . . k
xk(t)

E{|xk(t)|
2} = 1 k = 1, . . . ,K
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(N,K) = (2, 2)

n

yn(t) = ΦnAnx(t) + υn(t), t = 0, 1, 2, ...,

x(t) = [ x1(t), . . . , xK(t) ]T

yn(t) = [ yn,1(t), yn,2(t) ]T

n υn(t) =
[ υn,1(t), υn,2(t) ]

T An =
Diag( an,1, . . . , an,K ) k

an,k k
n Φn

n

Φn =

[
1, . . . , 1

ejφn,1 , . . . , ejφn,K

]
,

φn,k = −2πd sin(θn,k)/λ θn,k ∈ [ − π, π ]
k n λ

d

θn,k = θk, k = 1, . . . ,K,

φn,k = φk

{yn(t)}n=1,...,N

K
K {θ1, . . . , θK}

N

cn,q(�) = E
{
yn,1(t)y

∗
n,q(t− �)

}
, q = 1, 2.

cn,q(�) �
q

n
yn,q(t) =

∑K

k=1 an,ke
j(q−1)φkxk(t) +

υn,q(t) q = 1, 2

q = 1, 2

cn,q(�) =

K∑
k=1

|an,k|
2ej(1−q)φkrk(�) + E{υn,1(t)υ

∗
n,q(t− �)},

rk(�) = E{xk(t)x
∗
k(t− �)} xk(t)

� υn,q(t)
n

σ2
n υn,q(t) ∼ N (0, σ2

n) q = 1, 2
q = 1

E{υn,1(t)υ
∗
n,1(t− �)} = σ2

nδ(�),

δ(�)

δ(�) =

{
1, � = 0,

0, otherwise.

q = 2

E{υn,1(t)υ
∗
n,q(t− �)} = 0, ∀�,

cn,q(�)

cn,q(�) =

{∑K

k=1 |an,k|
2rk(�) + σ2

nδ(�), q = 1,∑K

k=1 |an,k|
2e−jφkrk(�), q = 2.

{cn,q(�)}
∞
�=−∞

δ(�) ↔ 1

Cn,q(ω) =
∞∑

�=−∞

cn,q(�)e
−jω�

=

{∑K

k=1 |an,k|
2Sk(ω) + σ2

n, q = 1,∑K

k=1 |an,k|
2e−jφkSk(ω), q = 2.

ω ∈ [−π, π] Sk(ω) =
∑∞

�=−∞ rk(�)e
−jω�

k ω
NF

Gn,q(f) = Cn,q

(
2πf

NF

)
,

f = 0, 1, . . . , NF − 1 Gn,q(f)

{cn,q(�)}�∈L L
Gn,q(f) Gq ∈ R

N×NF

q = 1, 2

[Gq]n,f+1 = Gn,q(f), f = 0, 1, . . . , NF − 1.
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Gq

G1 = BS
T + η1

T ,

G2 = BDS
T ,

B = A ◦ A∗ ◦ A ∈
C

N×K [A]n,k = an,k D = Diag(e−jφ1 , . . . , e−jφK )

S = [ s1, . . . , sK ] sk = [Sk(0), . . . , Sk(NF − 1)]T

k
1

η = [σ2
1 , . . . , σ

2
N ]T

P⊥ = I − (1/NF )11
T

1

G̃q = GqP
⊥, q = 1, 2.

q = 1 G1P
⊥ = BSTP⊥ +

η(P⊥
1)T

G̃1 = BSTP⊥ G̃2 = BDSTP⊥ S

θ1, . . . , θK

D S

rank(B) = K
θ1 θK
rank ([S,1]) = K + 1

N ≥ K

N ≥ K rank(B) = K A

A

B

G̃ =
[G̃T

1 , G̃
T
2 ]

T U ∈ C
2N×K K

G̃

rank(D) = rank(STP⊥) = K

R(U) = R

([
B

BD

])
.

U1 U2 N U

Q ∈ C
K×K

U1 = BQ,

U2 = U1Ψ,

Ψ = Q
−1

DQ.

Ψ

Ψ̂ = U
†
1U2.

D̂ Q̂

Ψ̂ B̂

B̂ D̂ Ŝ

Ŝ =
(
D̂

−1
B̂

†
G2

)T

,

G2

C1 C2

B S

Ŝ = arg min
S≥0,B≥0

∥∥∥G1 −BS
T
∥∥∥2

F
,

B

Gq

(N,K) = (3, 2)

θ1 = −18◦ θ2 = 5◦
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A

σ2
1 = . . . = σ2

N = σ2

SNR =
E
{
‖Ax(t)‖22/σ

2
}

NF = 256
L = {−255,−254, . . . , 254, 255}

T = 2 × 105 =
0

Ŝ

100 T = 5 × 104

T = 2 × 105

T = 2 × 105

10
≥ 0

C1 C2

S

0.1 ≥ 20

T = 2× 105 = 0

×

×

×

×

T = 2× 105
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